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Abstract

A strong empirical regularity is that the distributions of firm size and labor
income are Pareto in the upper tail. This paper shows that Pareto tails may arise
from some production functions in static assignment models with complementar-
ities. Under limited assumptions on primitives’ distribution, these models then
generate Pareto tails for the span of control of CEOs and intermediary managers,
and Zipf’s law for firm size. This novel justification for Pareto tails sheds new light
on why firm size and labor income are so heterogeneous despite small observable
differences. The model receives substantial support in French matched employer-
employee data.
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Introduction

In the 1890s, Vilfredo Pareto studied income tax data from several countries. He plotted
the number of people earning an income above a certain threshold against the respec-
tive threshold on double logarithmic paper and revealed a linear relationship. The
corresponding income distribution was more skewed and heavy-tailed than bell-shaped
curves: Pareto felt that he had discovered a new type of “universal law” that was the
result of underlying economic mechanisms. Since then, Pareto’s discovery has been con-
firmed and generalized to the distribution of firm size (Axtell (2001)) and wealth, which
also follow Pareto distributions in the upper tail. According to Gabaix (2016), this is
one of the few quantitative “laws” in economics that hold across time and countries. A
striking qualitative feature of Pareto tails is large inequality: for example, the top 1%
gets about 20% of pre-tax income in the United States. Therefore, understanding the
source of Pareto distributions is a first order question for the economics of inequality.

In this paper, I offer a new explanation for Pareto distributions. I show that Pareto
distributions can be generated endogenously by some production functions, in static
assignment models with complementarities. Assuming these production functions, en-
dogenous Pareto distributions in firm size and income occur under very limited as-
sumptions on the distribution of underlying primitives. Unlike in previous theories,
large firms or incomes can appear instantaneously and result from an arbitrarily small
level of ex ante heterogeneity.

In contrast, economists’ current understanding of why Pareto distributions emerge
falls into two categories. The first theory works through a “transfer of power law”. One
Pareto distribution can be explained by assuming that some other variable is distributed
according to a Pareto distribution; for example, entrepreneurial skills (Lucas (1978)),
firm productivities (Helpman et al. (2004), Lucas and Moll (2014), Perla and Tonetti
(2014)), or firm size (Gabaix and Landier (2008)). A functional form for the production
function also needs to be assumed, which preserves the Pareto functional form, such
as a power function. The second theory holds that Pareto distributions result from a
dynamic, proportional, “random growth” process, following Gibrat’s (1931) law. In this
theory, many firms or incomes are large because they have been hit by a long and un-
likely continued sequence of good idiosynchratic shocks (Champernowne (1953), Simon
and Bonini (1958), or Luttmer (2007)). To the best of my knowledge, this paper is the
first which generates Pareto distributions in firm size and labor income that arise solely

from production functions.!

n Geerolf (2015), I also generate a Pareto distribution for leverage ratios and the returns to capital
in a model of frictional asset markets. To the best of my knowledge, Geerolf (2015) is the first example
in the economics literature of Pareto distributions that arise solely from production functions, and not
the distribution of primitives. The understanding of Pareto distributions in firm size and labor income
is probably more important, as it has implications for research on heterogeneous firms (misallocation,
international trade) and labor income inequality. I discuss this point further in the literature review.



Even though the argument only hinges on a special form for the production func-
tion, I choose to develop the argument around a particular version of Garicano’s (2000)
problem-solving model, which provides a readily available microfoundation for a Pareto
generating production function. In Garicano (2000), production consists in solving
problems, with varying levels of difficulty. Managers help workers deal with the prob-
lems that they are unable to solve. In this model, managers’ time constraint is a source
of limited managerial attention, and limits the maximum size of firms. This paper
shows that the organization of firms can then be decomposed into elementary Pareto
distributions for span of control. For example, if an economy has two-layer firms with
managers and workers, then the span of managers’ control over workers is a Pareto
distribution with a tail coefficient equal to two in the upper tail. When the number of
layers of management increases, and CEOs can also supervise other intermediary man-
agers, the Pareto coefficient of the firm size distribution converges to one. Thus, the
model provides a new justification for why firm sizes follow Zipf’s (1949) law. This de-
composition of the firm size distribution into intermediary hierarchies’ size distribution
is supported empirically by French matched employer-employee data. It also explains
well-known evidence — for example, on the distribution of establishment sizes in the US.

I show that the model also allows us to take a fully microfounded approach to the
labor income distribution of managers derived by Tervié (2008) and applied to the
Pareto distribution of firms by Gabaix and Landier (2008), as skill prices also follow
an endogenous Pareto distribution in the competitive equilibrium. Unlike in those two
papers, Zipf’s law for firm size is not assumed but obtained endogenously. An important
advantage, relative to the latter reduced form approach, is that one can then relate last
decades’ increase in firm size to deep parameters of the model, such as the costs of
communication, or the change in the underlying skill distribution, and understand why
span of control has increased by so much.

The argument is most easily developed with the help of mathematics, and results
from a “change of variable near the origin.” Mathematically, the reason why only the
form of the production function matters for the upper tail of the span of control and top
income distributions is that through this change of variable, the upper tail corresponds
to a very small portion of the underlying density of skills. But the mathematics also
convey a powerful new economic intuition. The key is to recognize that in a hierarchi-
cal organization, managers end up doing what workers don’t do, either by lack of skill
or because of specialization. In terms of abilities, it does not matter much whether a
worker will not do 0.01% of the work or 0.001% of the work — if they were working inde-
pendently on an island, their productivities would barely be distinguishable. However,
the reduction in time cost for a manager is given by a factor of ten. Thus, a manager

working with the latter type of workers rather than the former can supervise ten times as



many workers, and lever up his higher productivity accordingly. This simple reasoning
can help explain why a hierarchical organization of production can lead to unbounded

differences in measured wages, even when underlying differences are actually quite small.

At the same time, these developments around Garicano’s (2000) model of a knowl-
edge economy should make clear that the argument is more general, and only relies on
the special form of the production function. This kind of production function has been
encountered in previous work by Geerolf (2015), a sorting model of financial markets
with complementarities between borrowers and lenders entertaining heterogeneous be-
liefs. The simplicity of these two models, and the fact that Garicano’s (2000) model
was not purposefully developed to generate Pareto distributions, in fact suggest that
there might be something more general about joint production with complementarities
that leads to Pareto generating production functions. I conjecture that the mechanism
at play is, for example, more general than production based on knowledge.

More generally, my analysis has striking implications for the literature on firm het-
erogeneity: Pareto distributions are in fact the benchmark distributions that arise in
the case of perfect homogeneity, while heterogeneity in primitives should be backed out
in the deviations from Pareto distributions. Empirically, it is well known that firm
productivities across large and small firms appear much smaller than what is implied
by an assumption of Pareto distributed productivities, which would imply unbound-
edly increasing productivity (for example, Combes et al. (2012)). Moreover, the theory
provides an interpretation for why the distributions of firm size and income never quite
follow Pareto distributions exactly. First, empirical Pareto distributions are truncated,
and second, Pareto is a good approximation only for the upper tail. With power law pro-
duction functions, Pareto distributions are everywhere, and they are in fact a signature
of the homogeneous benchmark. On the contrary, deviations from Pareto distributions
indicate that heterogeneity in skills is strictly positive. So far, researchers working on
firm heterogeneity have ignored these deviations from the Pareto benchmark because
they were considered to be second order, compared to the importance of heterogeneity
implied by a Pareto distribution. If Pareto distributions ultimately come from produc-
tion functions rather than the distribution of primitives, as this paper suggests, then
only deviations from Pareto they may in fact provide information on heterogeneity.”

Regarding top income inequality, it has been known for a long time that assignment

models of the labor market & la Tinbergen (1956) or Sattinger (1975) could amplify

2This result is counterintuitive. In fact, that very heterogeneous outcomes, such as Zipf’s (1949)
law, must eventually come from at least somewhat heterogeneous primitives is a qualitative insight
that could perhaps be seen as a matter of “common sense.” This paper on the contary argues that
for managers to be able to supervise many workers, it must be that workers are not much less skilled
than they are themselves. Large firms would not be manageable if at least parts of the firm could not
function largely independently. Thus, the decreasing relationship between heterogeneity in primitives
and heterogeneity in outcomes is counterintuitive only superficially.



inequality, as wages are generally a convex function of abilities. I take this insight to its
furthest extent by demonstrating that with a power law production function, sorting
models lead to the amplification of even very small ex ante differences and lead endoge-
nously to Pareto distributions. This fact may explain why residual wage inequality is so
high in the data. At the top of the distribution, observables are very similar, yet small
differences in abilities lead to large differences in pay. More generally, it also offers a
new intuition for the so-called Pareto principle: that in the social sciences, roughly 80%

of the effects come from 20% of the causes.?

The rest of the paper proceeds as follows. Section 1 reviews the literature. Section 2
develops a particular version of the Garicano (2000) model to illustrate the main point
of the paper: power law production functions can generate Pareto distributions for firm
size and labor income. It also provides a new explanation for Zipf’s (1949) law for
firms. Section 3 reconciles this theory with the leading theory generating endogenous
Pareto distributions through a dynamic random growth process, and shows that the
proposed theory leads endogenously to stationarity and Gibrat’s law. Section 4 provides
empirical support for the disaggregation of Zipf’s law into intermediary span of control
distributions in the data. Section 5 derives the distribution of skill prices endogenously

generated by Zipf’s law. Section 6 concludes.

1 Literature

I employ a means to generate Pareto (1895) distributions that is already known to
some physicists, although it is somewhat marginal in the field. Sornette (2006) gives an
overview of these “Power Laws Change of Variable Close to the Origin” (section 14.2.1),
and Sornette (2002) and Newman (2005) offer surveys of this approach.

According to Pareto (1895), social institutions could not be the underlying reason
for these regularities, as they were observed in very different societies. He also dis-
missed random chance, as chance does not produce such thick tails. He concluded
that Pareto distributions must arise from “human nature.” The modern economics
literature has used either random growth models or the distribution of primitives to
explain the emergence of Pareto distributions. In random growth models, the stochas-
tic process is assumed to be scale independent (Gibrat’s (1931) law), and one looks for
stationary distributions created by that process. Gibrat’s law also intuitively leads to
scale independence in the stationary distribution created by the process — thus a power
law distribution — and Zipf’s (1949) law when frictions become small. Champernowne

(1953) is perhaps the first of such random growth models for incomes, and Simon and

3This is only true when the tail coefficient is equal to log(5)/log(4) ~ 1.16. This is a good approx-
imation for firm size, cities, and ownership of land in nineteenth century Italy, according to Pareto.



Bonini’s (1958) for firms. Kesten (1973), Gabaix (1999), and Luttmer (2007) are other
examples of this approach. There is also a literature that links hierarchies to power
law distributions, in the case of both firms and cities — for example Lydall (1959) for
firms and Beckmann (1958) for cities. Hsu (2012) is a microfoundation of Beckmann
(1958) using central place theory, and in which a multiplicative process occurs at the
spatial level rather than in a time dimension. Another way the literature has generated
Pareto distributions is by using Pareto as primitives’ distribution, such as Lucas (1978),
Helpman et al. (2004), Chaney (2008), Tervi6 (2008) and Gabaix and Landier (2008).

The boundaries of the firm are defined as in the span of control model of Lucas
(1978), who first formalizes that the limits to the boundaries of the firm can arise from
limited managerial attention. Garicano (2000) is more explicit about what management
is; his model leads to the kind of production functions that I emphasize in this paper.*
Garicano and Rossi-Hansberg (2006) is certainly the most closely related paper: They
investigate the implications of the Garicano (2000) model on the distribution of incomes,
but make no mention of Pareto distributions. Caliendo et al. (2015) develop a measure
of hierarchies in the French matched employer-employee data, which I use in this paper,
and which I connect to Pareto distributions.

This paper is very closely related to the literature on the “economics of superstars”
pioneered by Rosen (1981) and applied to the CEO market by Tervié (2008). Rosen
argues in favor of imperfect substitution among sellers and consumption technologies
with scale economies “with great magnification if the earnings-talent gradient increases
sharply near the top of the scale,” which gives rise to a winner-takes-all phenomenon.
Gabaix and Landier (2008) observe that since the distribution of firm size is given
by Zipf’s law, CEOs face a Pareto distribution for the size of stakes. Under limited
assumptions on the distribution of abilities, this leads to a Pareto distribution for their
labor income. In this paper, Zipf’s law for firms obtains endogenously without assuming
any functional form on distributions, but instead results from the production function.
In a nutshell, my contribution is to show that some production functions lead to a
Pareto-like distribution of the size of stakes regardless of primitives’ distribution, which
Rosen (1981), Tervio (2008) and Gabaix and Landier (2008) took as given. Section 5
compares the fully microfounded and the earlier reduced form approach in more depth.

Finally, this new microfoundation of Pareto distributions provides a framework
which can perhaps help shed a new light on the recent changes in inequality at the
very top of the income distribution, particularly in the US, documented in Piketty and
Saez (2003). It also connects to recent empirical work on the determinants of wage

inequality across and within firms, such as Abowd et al. (1999) and Song et al. (2015).

4Lucas (1978) anticipated this: “The description of management is a shallow one ... it does not say
anything about the nature of the tasks performed by managers, other than that whatever managers
do, some do it better than others.”



2 A static theory of Zipf’s (1949) law for firms

In Section 2.1, I set up the simplest possible Garicano (2000) economy, restricting
attention to two-layer firms. This allows to present most of the new insights about
Pareto distributions. In section 2.2, I spend some time on the uniform distribution,
a very special case but which allows to understand the intuition behind most of the
results in this paper. In Section 2.3 and Section 2.4, I show that Pareto tails occur
much more generally under very general regularity condition on the density function,
and way outside of the uniform benchmark. In Section 2.5, I consider L-layer firms,
which is necessary to understand why the tail coefficient on the firm size distribution is
one (Zipf’s (1949) law).

2.1 A Garicano (2000) economy with two-layer firms

I consider a static economy populated by a continuum of agents, each endowed with
one unit of time. Production consists of solving problems, which are drawn randomly
from a unit interval [0,1]. An agent with skill z is able to solve problems in interval
[0, z] C [0,1], and therefore fails to solve a measure 1 — z of problems. The distribution
of agents’ skills (or abilities) is F, with density f and support [1 — A,1]. A is thus a
measure of skill heterogeneity.” A key assumption here, and one that distinguishes this
paper from previous work on hierarchy models, is that skills are exogenous and that
some agents can solve all problems by themselves. The second assumption is crucial for
all the results, while the first assumption is needed to obtain Pareto wages.

In this section, I constrain firms to have only two layers exogenously.® Firms are
then composed of one manager who employs a set of workers. Agents can choose to
become workers or managers. As workers, agents use their time to draw a unit measure
of problems. This unit measure ensures that an agent is able to solve a deterministic
fraction of problems, and allows to leave aside issues of stochastic arrival of problems,
which could lead to queuing. If they are managers, they listen to problems that their
workers fail to solve in time h < 1 per measure of problem. h is a key parameter, called
“helping time”; the lower the helping time, the greater potential complementarities in

production.”

°It is not a sufficient statistic however, as the whole shape of the distribution f matters. But it will
prove useful in comparative static exercises to change A while keeping the shape of the distribution
fixed.

STalking about “firms” is perhaps a slight abuse of terminology, given that all objects in this model
are continuums. More precisely, I use the following terms to interpret this continuous model in a
discrete way. I refer to one manager and the measure of workers who work for him as “one firm”.

"In the original Garicano (2000) model, agents can also choose to remain self-employed. In Appendix
B.2, I consider the case of self-employment, when agents are allowed to draw and solve problems without
the help of managers. As long as helping time is sufficiently low, the help of a manager is sufficiently
cheap, and in equilibrium there are only managers and workers. To streamline exposition, I focus
directly on this case.



This model has a block recursive property. That is, optimal allocations — occupa-
tional choice, and the composition of firms — can be solved without reference to skill
prices, which determine the division of surplus inside the firm. Supporting skill prices
will not be derived before Section 5. The competitive equilibrium is more easily solved
by looking at the planner’s problem.

Managers have a chance to try to solve more problems, as it takes h < 1 units of
time to listen, and 1 unit of time to draw. It is thus optimal that agents with higher
skill become managers. Managers and workers are seggregated by skill (Kremer and
Maskin (1996)), as shown formally in Garicano and Rossi-Hansberg (2006) and Antras
et al. (2006). The endogenous cutoff zo splits [1 — A, 1] = [z1, 23] into workers and

managers: Managers spend time on problems whose difficulty is at least zs.

Figure 1: TWO-LAYER FIRMS: NOTATIONS
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It is also straightforward to see that the planner’s problem has positive sorting be-
tween managers and workers: There is complementarity between the skills of managers
and that of workers. The problems a more skilled worker cannot solve are harder sta-
tistically, so it is optimal for him to report these problems to a more skilled manager,
while easier problems are best left in the hands of less skilled managers. A more skilled
manager supervises more workers, because more skilled workers need little listening.
This positive sorting result can also be obtained in a more mathematical way. When
she hires workers with skill x, a manager with skill y needs to answer a number 1 — z
of problems. Since she takes h units of time to listen to one of these problems, she
can oversee 1/ [h(1 — )] workers. The production of this manager together with her

workers will thus be given by y/ [h(1 — z)] . Since:

0? y B 1 -0
oydz \h(1—x))  h(l —z)? ’

there is complementarity between the skills of managers and that or workers: More
skilled managers benefit relatively more from higher span of control, and thus from
working with more competent workers. The marginal gain of a more skilled worker is
greater for marginally better managers, which translates into a positive cross-partial
derivative of output. The planner thus wants more skilled managers and more skilled

workers to work together.



Denote by m(.) the matching function from workers with skill  to managers with
skill y = m(x). Because of positive sorting, m(.) is a strictly increasing function from
[1 — A, z9] onto [z2,1]. Moreover, the less skilled workers are hired by the less skilled

managers, so that:
m(l — A) = z. (1)

The matching function is such that the time of managers with skills in [y, y + dy],
given by f(y)dy = f(m(z))m'(z)dz, is used to answer the problems of workers with
skills in [z, x 4+ dz|, who draw f(z)dz problems, a fraction 1 — x of which they cannot

solve, and who require h(1 — z) f(z)dx of listening time, so that:

f (m(x))m’(z) = h(1 = z) f(x). (2)

Equation (2) is a market clearing equation for managers’ time: the matching func-
tion is more steep (m/(.) high) if there are relatively fewer managers at the given skill
level (f (m(x)) low), if there are many workers available to be matched (f (z) high), if
the communication cost is high (h high), or these workers are not very skilled (1 — x
high). Given z3, m(.) is determined on [1 — A, z5] by equations (1) and (2), constituting
an initial value problem. Finally, because the most skilled workers are hired by the

most skilled managers, zo is a solution to:

m(zg) = 1. (3)

Managers’ and workers’ behavior, who is matched to whom, and the span of control
of each manager are uniquely characterized by the matching function m(.) on [z1, 23],
as well as by the endogenous cutoff z3. Note that the span of control n(y) of a manager
with skill y hiring workers with skills x = m~!(y) is given as a function of parameters

and the endogenous matching function by:

1
") = )

2.2 Example: uniform distribution for skills

The uniform distribution for skills may appear very special at first, but in fact it allows
us to get at the main results of the paper, because it is a local approximation to any
smooth density function. With a uniform distribution for skills f on [1 — A, 1], and for
x € [z1, 22, span of control n(y) has a closed form expression because, with f constant,

equation (2) is a simple ordinary differential equation: m/(x) = h(1 — ).

81 try to keep as close as possible to the earlier literature in terms of notation. However, both
analytically and computationally (when one works with arbitrary density functions), it may prove



Proposition 1. (Two-layer firms, uniform distribution)

(a) With two-layer firms and a uniform distribution for skills on [1 — A, 1], the dis-
tribution of the span of managers’ control over workers is a truncated Pareto
distribution with a coefficient equal to 2. That is, the probability that span

of control is higher than n for n € [n,n] is given by:

2
n 1 1
PIN>nl=—F"—-<|— - =
2l = (- )
with the minimum and mazximum span of control being given respectively by:

1 1
— and n=

hA V1I+h2A2 -1

ﬂ:

(b) When A — 0, i — oo and % — 00 and the distribution of the span of managers’

control over workers becomes a full Pareto distribution with coefficient 2:

n2

More precisely, let U = N/n be the “scaled” span of control; then U converges in
distribution to a Pareto distribution with a coefficient equal to 2 when heterogeneity

A goes to 0, as:

1
Yu > 1, PlU > u] —a—0 —-
u

Proof. See Appendix A.1. O

Proposition 1 contains the main result of the paper, which is generalized later. Part
(a) of the proposition says that the production function in the Garicano (2000) model
produces truncated Pareto distributions for span of control with location parameters n
(scale) and 7 (truncation) from a uniform distribution of skills. Note that firm size is
just span of control plus one, in this case of two-layer firms. In the following, I therefore
use “span of control” and “firm size” interchangeably.

The expression in Proposition (la) corresponds to a truncated Pareto distribution
with tail index 2 and location parameters n and 7, with the same density as the Pareto
distribution, except above the maximum size n, where the density is identically equal
to zero, and the density is appropriately renormalized (see Appendix B.1).

The expressions for the scale parameter n and the truncation parameter n are also
interesting. First, the helping time h and heterogeneity parameter A enter symmet-

rically. When the helping time A decreases, complementarities increase, and both the

more convenient to work directly with the “employee” function, which is the inverse of the “matching”

(or manager) function: e~ ' = m. I show this in Appendix B.3.
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scale parameter and the truncation parameter (n and n) increase: The whole Pareto
distribution of firm size shifts out, and one moves closer to a full Pareto distribution
as n/n increases. What is perhaps more surprising is that the same happens when
heterogeneity A decreases: The less heterogeneity in skills, the more heterogeneity in
firm size.

This detour also allows to understand that Part (b) of Proposition 1 is a straight-
forward implication of Part (a). The first statement is expressed in terms of the span of
control distribution, but it is heuristic in that the support of this distribution is moving
as heterogeneity goes to zero (both the lowest and the highest sizes go to +00). The
next statement is more rigorous, in that if one defines a new random variable, given by

the relative size of a firm compared to the smallest firm U = N/n, then from proposition

(la):

1 1 1
PU>ul=——-—-|—-5—=]|-
Uzl =—q7m <u2 a2)
The relative span of control follows a truncated Pareto distribution with a coefficient

equal to two, and shape parameters given by u and @ such that:

hA
V1+h2A2 — 1

Then when A — 0, we have that @ — oco. For all u, we also have that:

u=1 and u=

1

Therefore, the scaled distribution of firm size converges in distribution to a Pareto
distribution with a coefficient equal to 2. The result is quite counterintuitive when

stated as follows:

Claim 1. (Truncated Pareto distributions) With a power law production function, the
concavity of the distribution of span of control in the upper tail is positively related
to skill heterogeneity. In the limit, untruncated Pareto distributions correspond to no

heterogeneity in underlying primitives.

Claim 1 is only an implication of Proposition 1. With non-zero heterogeneity, Pareto
distributions are truncated, which results in a concave part on a log-log scale. This
truncation of the Pareto distribution is pervasive in the empirical literature. Among
many examples, the concave part is visible in Axtell’s (2001) famous evidence about
Zipt’s law for firm size.

The results below will only confirm this insight to the case of very general density
functions and multiple layers. Again, this result is potentially important because a sub-

stantial body of work in trade and firm heterogeneity has more generally used Pareto

11



distributed primitives as an input, arguing that these were necessary to understand
Pareto distributed firm size. If Pareto distributions instead come from power law pro-
duction functions — for example, of the Garicano (2000) type — then how important is

the truncation for the upper tail may be the only information to emerge.
[INSERT FIGURE 5 ABOUT HERE]

[INSERT FIGURE 6 ABOUT HERE]

Similarity to Physics. To use Sornette’s (2006) taxonomy, this generation of
endogenous Pareto distributions works through “Power Laws Change of Variable Close
to the Origin.” According to Newman (2005), “one might argue that this mechanism
merely generates a power law by assuming another one: the power-law relationship
between x and y generates a power-law distribution for x. This is true, but the point is
that the mechanism takes some physical power-law relationship between x and y — not
a stochastic probability distribution — and from that generates a power-law probability
distribution. This is a non-trivial result.” In this model, span of control is a change
of variable close to the origin of the number of problems that a worker with skill x is

unable to solve, as:

1

n(y) = W —a)°

To paraphrase Newman (2005), one can argue that this mechanism takes some economic
power-law relationship between span of control and skill, and from that generates a
power-law probability distribution. Of course, this is not exactly the mechanism that
occurs in physics, because here the denominator never quite reaches zero, which leads
to a truncated Pareto distribution at maximum size n. Moreover, it is important to
recognize that the generation of truncated Pareto distributions ultimately results from
agents’ optimizing choices (for example, that they sort through prices), and not solely
from a mechanical production function. To the best of my knowledge, this model is
the first in the economics literature, to generate Pareto distributions in firm size out of

production functions.

Another proof using size-biased distributions. We can understand why two-
layer firms follow Pareto distributions even more directly by using the concept of size-
biased distributions. This distribution expresses the distribution of firm size from the
workers’ point of view: If a firm has 50 workers, then a size-biased distribution will
count 50 firms of size 50. Workers of type x are in a firm with the following span of

control:

12



With a uniform distribution for skill, and in the limit where A becomes very small,

vV1+ AZpZ -1

1—29 = — ~ %A2h < 1—2z = A. To afirst approximation, therefore, one
can see x as a uniform in [z1, 1]. Thus the size-biased distribution of span of control if a
Pareto distribution with a coefficient equal to 1. Since a size-biased Pareto distribution
of coefficient « corresponds to a Pareto distribution of coefficient o + 1, this shows that

the distribution of span of control is a Pareto distribution of coefficient two.

2.3 Bounded away from 0 density functions

At this point, one could argue that the uniform distribution is very special. After all, if
the Pareto result ultimately relies on the distribution of skills’ being uniform, then one
would be left to explain where the uniform distribution ultimately comes from. But this
is not the case. In fact, it turns out that under a mild assumption on the distribution
of skills, the distribution is always a Pareto distribution with a coefficient equal to 2,
in the upper tail. Using Mandelbrot’s (1960) terminology, the distribution of span of

control then follows the weak law of Pareto.
Proposition 2. (Two-layer firms, density bounded away from 0 near 1)

(a) With two-layers firms, and if the density function is bounded away from 0 near
1 (for example, the density is continuous and f(1) # 0), then the distribution of
the span of managers’ control over workers is a truncated Pareto distribution
with a coefficient equal to 2 in the upper tail. That is, the probability that

span of control is higher than n for n € [n,n] is such that:

P[N > n] .
n f(z2)(1 - 29) (1 B 1) e
2 1-— F(Zz) n2 n?

(b) When A — 0, n — oo and the distribution of span of control becomes a full
Pareto distribution with coefficient 2 in the upper tail (weak form of

the law of Pareto). That is, for small enough A, and large enough n:

[\

1)
1

2/ (1—9)f (1 A+ Ay)dy
0

P[N > n] ~A—0

3{\3‘\3

More precisely, let U = N/n be the “scaled” span of control; then U converges in
distribution to a Pareto distribution with a coefficient equal to 2 in the upper tail

when heterogeneity A goes to 0. That is, for small enough A and for large enough
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f(1) 1

P[U > u] ~A0 I 3
2A<Lwﬁu—A+Aw@“

Proof. See Appendix A.2. O

The intuition for this result is straightforward. Locally, one can always approximate
any density function by a uniform distribution. Thus, locally, the distribution of span of
control cannot be too far from the distribution obtained with a uniform density. The key
is then to recognize that when heterogeneity in skills goes to zero, as in Proposition (1b),
the production function transforms a bounded distribution of skills into an unbounded
distribution for span of control. Thus, locally near 1 in the space of skills x corresponds
to locally in the neighborhood of +o0 in the space of span of control n(y). Therefore, a
Pareto distribution in the upper tail arises regardless of the underlying distribution of
skills. Of course, how far in the upper tail Pareto turns out to be a good approximation
is a quantitative question. Figures 7 and 8 show that quantitatively, for the case of an
increasing distribution, given by:

Py = B0 gy a1y + 11 40] (2
Pareto is a very good approximation for the bulk of the distribution (at least when

the density is rather slowly varying).
[INSERT FIGURE 7 ABOUT HERE]

[INSERT FIGURE 8 ABOUT HERE]

Proposition 2 allows us to state a second result.

Claim 2. (Deviations from Pareto distributions in the lower tail) With a power law
production function, the upper tail of the span of control distribution is a truncated
Pareto distribution. The upper tail of the span of control distribution corresponds to
a very small part of the underlying skill distribution, which can be approximated by a
uniform density to a first order. Deviations from Pareto distributions in the lower tail
correspond to deviations from a uniform density of skills.

Claim 2 is an implication of Proposition 2. If Pareto distributions come from a
power law production function, then Pareto distributions are not really informative on
the distribution of skills, because they correspond to small parts of the underlying dis-
tribution. Again, this may explain the ubiquity of the Pareto distribution. Together,
result 1 and result 3 show that the only informative parts in the span of control dis-
tribution are those that do not follow Pareto distributions: the lower tail and the very

upper tail. In Section 2.5, this result will be confirmed with more layers.
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2.4 General density functions

What happens when the assumption that the density is bounded away from zero is
violated? I show that firms are then smaller, and thus do not appear in the upper tail.
A natural starting point is to look at the sister of the uniform density in that case,

1
= 'OAjH (1 —z)? and which

which is a polynomial density for skills f on [1 — A, 1], f(x)

also leads to closed-form solutions:

f (m(z))m/(z) = h(1 — 2)f(z)

p+1 p+1

A1 (- m(z))’ m'(z) = hir (1= las
) sy W O i
- [ ptl L_h[ p+2 L
S (=@ =B (- apt - (1=
Lp+2 i

= e ) = R g ]

hp+1

The span of control distribution for two-layer firms is therefore given by:

1
)= |2 -t |

I show in Appendix A.4 that in this case, the distribution of span of managers’
control over workers is a truncated Pareto distribution with a coefficient equal to p + 2
(uniform is a special case with p = 0). However, the maximum span of managers’
control over workers in this case is then much lower than in the case in which the
density is bounded away from zero, so that one should not expect to encounter firms
resulting from such a density in the upper tail of the firm-size distribution, at least
when heterogeneity in small. This is also shown in Appendix A.4, where it is shown

that the maximum size is such that:

_ 1
N ~AS0 — 52
hAr+1
Thus for small heterogeneity, the maximum size for p > 0 is always negligible

compared to the maximum size for p = 0:

I

(p>0)

P
N 0.

This is reinforced by the fact that larger firms are much less frequent in a Pareto
with a higher tail coefficient equal to p+ 2, which is higher than p (the tail is thinner).
It is also intuitive that all this reasoning results only from a local approximation, and

that any density that has a Taylor expansion near 1 will lead to a Pareto for the
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distribution of span of control, but with much lower firm sizes. A counterexample
to Pareto distributions for span of control is the density function given by f(x) =
exp [_(1—95)2 , which goes so fast to zero near 1 that it does not have a Taylor
expansion, and would not lead to Pareto distributions for span of control. However,
there is no reason to expect the distribution of skills to be this badly behaved. Moreover,
given the very small mass near the top of the distribution, the firm sizes corresponding

to such a distribution would be infinitesimally small.

[INSERT FIGURE 9 ABOUT HERE]

2.5 An economy with L-layer firms: A static theory of Zipf’s law

In the previous section, I have exogenously imposed that firms had only two layers, with
managers and workers. Garicano’s (2000) model, however, suggests that there should
be an incentive for managers who supervise workers to report the hardest problems they
face to a higher level manager. Production then works as follows: If the manager does
not know how to solve the problem, she can also ask her own manager how to solve it —
unless this manager is at the top of the hierarchy.” The main purpose of this section is
to show that when allowing for multiple layers in the organization of firms, we obtain
a new static theory of Zipf’s law in the upper tail of the size distribution of firms when

the number of layers of hierarchical organization becomes large.

Figure 2: L-LAYER FIRMS: NOTATIONS

Z Z F 4 Z
I1 X, |2 X, I3 ||.-1 X, lL X, z:._+1
| | | 1 | | | -
| A A .
1A L] S B skill
X, =m(x,) X _=e(x)
<—><——> <—><—>
Workers Managers Managers Managers
of type 2 oftype L-1  oftype L

For the same reason as in the two-layer case, there is positive sorting at all layers of
the firm. Problems that a manager with higher skill cannot solve are harder statistically,
regardless of his hierarchical position in the firm. In terms of span of control, however,
there is a small twist to the two-layer case. For example, a manager of type 2 with skill

xo Teceives problems of difficulty at least equal to m~!(x3). The conditional probability
— 79

. Thus the manager’s function is such

that he is unable to solve them is given by 1
1
that the time of managers of type 3 with skills in [x3, x3 + dz3] is used to answer the

problems that managers of type 2 are unable to solve, according to the following time

9This is another improvement of the Garicano (2000) model over the Lucas (1978) model, because
it provides a clear role for a pyramidal managerial structure.
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constraint:

1—x9
1—m~1(x9)

f(z2).

flashdes = ] =2 f(a)des = f (m(a)m(22) = h

Cutoffs are similarly determined by the conditions that (a) the less skilled of each
occupation type are matched with all others less skilled, and (b) the most skilled of each
occupation type are matched with others more skilled. The first layer is special, in that
the problems drawn by workers have not yet been sorted by anyone, or equivalently
that they were sorted by someone who has chosen to pass on all problems (in other
words, m~! ([21, z2]) = 0. Thus these first-order differential equations for the managers’

functions all collapse into:

l1—z

Vo €|z, sy ZL—-1 1, "(2) = h——
vz \ ozl f (@) (@) = i @
with  m™1 ([z1,2]) =0, m continuous
As in the two-layer case, the span of control of the top manager with ability xy, is
given by the multiplication of intermediary span of control distributions:

’I’L(:E)_ 1—acL_2 « 1—acL_3 « « 1—1’1 « 1 o 1
D h@=a) h(l—zp_2) " h(l—=z2) h(l—z1) RT(1—m Nzp))

Proposition 3. (L-layer firms, density bounded away from 0 near 1)

(a) With L-layer firms, and if the density function is bounded away from 0 near 1
(for example, the density is continuous and f(1) # 0), then the distribution of
the span of managers’ control over workers is a truncated Pareto distribution

in the upper tail. Denoting by n the

1
with a coefficient equal to 1 + L
mazimum span of managers’ control over workers, the measure of firms with a

size higher than n is such that, for some constant Ay,:

A 1 1 1
Ve >0, dJA, Vn> A, }P’[N>n]—£f<1—_>< T 1>‘<€-
h nh it pltz—

(b) When A — 0, n — oo and the distribution of span of control becomes a full

Pareto distribution with coefficient 1 + L1 in the upper tail:

fAL 1
hL n1+ﬁ

< €.

Ve >0, dA, dn, Vn>A, VA<n, ’IP’[NZn]—

Proof. See Appendix A.3. O

A qualitative intuition for this result is as follows. The overall span of managers’

control over workers of type L — 1 (CEOs of the firm) is given by the multiplication of
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intermediary span of control distributions. Intuitively, the distribution of span of control
for multiple layers is fatter than that for only one layer. Proposition 3 states that the
distribution of the span of managers’ control over workers is a Pareto distribution with
a coeflicient equal to 1 + ﬁ (which is fatter-tailed than a Pareto distribution with
a coefficient equal to 2, for any L > 2). Proposition 2 is a special case with L = 2, in
which case the Pareto has a coefficient equal to 2. As the number of layers increases,
the coefficient above approaches 1, which corresponds to Zipf’s law for firm sizes. This

allows us to state the following result:

Claim 3. (Zipf’s Law from the multiplication of intermediary Pareto distributions)

With a power law production function, the distribution of firm sizes follows a truncated

Pareto distribution with a coefficient equal to 1 4 in the upper tail. When the

1
L-1
number of layers becomes large, the coefficient of the Pareto distribution goes to 1, and

therefore the distribution of firm size approaches Zipf’s law.
[INSERT FIGURE 10 ABOUT HERE]

[INSERT FIGURE 11 ABOUT HERE]

Endogenous L. Of course, the number of layers is itself an endogenous object.
There are many ways to endogenize the number of layers. One would be to assume a
fixed cost of adding a new layer. Another is to determine this endogenous object by
looking at a discrete counterpart of the continuous types model, with a given population
of agents N. One then must assume that a manager needs to work full time at the top
of his organization, which pins down the size of firms in the economy as well as their

number of layers. L is then determined as a solution to the following:
L L st 1 > !
= max s.t. —z — 7.
L L=N

Table 1 shows the endogenous cutoffs in the case in which the density of skills is
uniform. If there are one million workers, then the number of layers according to the

above formula is given by L = 6.

[INSERT TABLE 1 ABOUT HERE]

3 Endogenous scale independent growth and stationarity

Section 2 offered an alternative theory of endogenous Pareto distributions, one that
does not rely on a dynamic random growth process. In this section, I demonstrate that
the two theories can actually be reconciled, as the static theory in Section 2 leads to

endogenous scale independence in growth rates as well as to endogenous stationarity.
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3.1 Endogenous Gibrat’s law

In random growth theory, an exogenous “random growth” process is assumed in which
the growth of firms is assumed to be independent of size — following the empirical
observation, attributed to Gibrat (1931). Zipf’s law arises, then, as the stationary
solution to such a process. Intuitively, the stationary distribution that results from a
scale independent process itself has to be scale independent. For example, Gabaix (1999)
gives an intuition for Zipf’s law for cities along these lines (p. 744). Symmetrically, it
is easy to understand why, if a static mechanism produces Zipf’s law, then the growth
of firms generated by such a static mechanism will produce scale-independent growth
over time, or Gibrat’s (1931) law.

One example is to look at comparative statics, in which agents would improve their
skills to equal those of the most skilled agents, so that the support [1— A, 1] would shift
over time. Then it is easy to see that all firms, whether they are small or large, would
grow at the same rate. This can, for example, be seen in Figure 5. Another example
is to look at the comparative statics on firm-size distribution when the helping time h
changes. Again, this would lead small firms to grow at the same rate as large firms.

Even though these results are rather straightforward from those in Section 2, one
must not forget how challenging it is to many theories of the firm that large firms would
on average grow at the same rate as small firms. Indeed, in many theories of the firm,
the average cost curve determines how large a firm is. Once a firm has reached its
optimal size, there is no reason why it should grow further (or as fast). In contrast,
a theory of the firm-size distribution based on a power law production function does
deliver scale-independent growth. The intuition is that as workers improve, they take
less and less time to manage, and that this can help even large firms to grow in an
unbounded fashion.

Some scholars have argued that random growth theory is not microfounded, and
does not provide a sound economic model. For example, Penrose (1955) writes that
random growth models “leave no room for human motivation and conscious human
decision, and I think should be rejected on that ground.” In contrast, the above model
is microfounded, and helps explain why even large firms appear to be able to grow in

an unbounded fashion.

3.2 Endogenous stationarity

Another key assumption in random growth theory is that one needs to look for a sta-
tionary distribution. However, most scale-independent random growth processes in fact
lead to nonstationary distributions, and in the end this is a restriction that is imposed
on the process itself. It is important to note that stationarity is an assumption in those

models, and that they do not explain why, despite overwhelming transformations of the
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economy, the firm size distribution has remained the same over centuries. In contrast,
because my model is static, the fact that the exact same distribution (Zipf’s law) is
always obtained is a conclusion, not an assumption. Of course, this assumes that the
power law production function is sufficiently fundamental that it also did not change

over the centuries.

4 Empirics

The model presented in this paper yields highly precise and testable predictions about
how Zipf’s law arises in the data. In particular, one distinctive implication of the model
is that not only does firm-size distribution follow a Pareto distribution of coefficient
1, but that intermediary span of control distributions also follow Pareto distributions,
with higher tail coefficients. In particular, I show that in theory, two-layer firms should
follow Pareto distributions with a coefficient equal to 2 in the upper tail. In Section
4.1, I show how the theory can help explain some of the puzzles in the empirical liter-
ature on firm growth and size. In Section 4.2, I present new evidence from the French
matched employer-employee data, which provides strong support for the mechanism

that I propose.

4.1 Related literature

The explanation for power laws in this paper allows us to connect different dots in the

existing empirical literature concerning firm growth and firm and establishment size.

Firm birth. Cabral and Mata (2003) show, using Portuguese micro-level data,
that the distribution of firm size is already very skewed to the right at the time of
birth. More importantly, some have argued that the faster growth rate of small firms
compared to large firms is still consistent Gibrat’s law if there is high firm exit (for ex-
ample, because firms gradually learn how productive they are, as in Jovanovic (1982)).
However, Cabral and Mata (2003) show that selection only accounts for a very small
fraction of the evolution of firm size. The model presented above can make sense of

these facts, as Pareto distributions arise out of a static model.

Distribution of establishment size. It has long been known that the distribution
of establishments is less fat tailed than that of firms. For example, Luttmer (2010)
writes, in his review of the random growth literature: “In the United States, the right
tail of the size distribution of establishments is noticeably thinner than that of firms.”

Similarly, Rossi-Hansberg and Wright (2007) write:

It is worth noting that the size distribution of enterprises is much closer
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to the Pareto, especially if we focus attention on enterprises with between
50 and 10,000 employees. The differences between the size distributions for
establishments and enterprises may shed light on the forces that determine
the boundaries of the firm. Our theory focuses, however, on the technology
of a single production unit and does not address questions of ownership or

control.

The model I presented is well suited to address this issue, as it is precisely how Zipf’s law
is generated: through the multiplication of Pareto distributions with a higher tail coeffi-
cient. Figure 17 illustrates the fact that establishment size is also Pareto distributed in
the upper tail in the US, albeit with a higher tail coefficient, through publicly available
US Census data. To the best of my knowledge, no random growth mechanism to date
has been able to explain simultaneously the distribution of establishment size and firm

size. This provides a key empirical validation of the model.

[INSERT FIGURE 17 ABOUT HERE]

4.2 French matched employer-employee data

In addition to the empirical evidence, the French matched employer-employee admin-
istrative data also strongly supports this proposition. I follow Caliendo et al. (2015)

closely in defining hierarchies in this dataset.

Data. I use a sample of French Déclarations Annuelles de Données Sociales (DADS).
I report only the data from a sample in year 2007; however other time periods have very
similar profiles. The sample originally contains 55,979, 881 observations of employee-
employer matched pairs.

I follow Caliendo et al. (2015) and use the first digit of the PCS variable (PCS stands
for “Profession, Catégorie Socioprofessionnelle,” or social class based on occupation) as
a proxy for the hierarchical position of workers in a firm. This allows me to divide work-
ers into subgroups of high-ranking managers, middle managers, workers, and manual
workers. More precisely, the first digit of the PCS variable is one of six alternatives, as
follows: one, the farmers; two, self-employed and owners (for example, plumbers, firm
directors, CEOs); three, senior staff or top management positions (for example, chief
financial officers, heads of human resources, purchasing managers); four, employees at
the supervisor level (for example, quality control technicians, sales supervisors); five,
clerical and other white-collar employees (for example, secretaries, human resource or
accounting, and sales employees); and six, blue-collar workers (for example, assemblers,
machine operators, maintenance workers).

Unfortunately, the PCS variable is not available for all workers, and farmers and

manual workers are in separate categories (first digit equals to 1 and 2), so I drop them.
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This leaves me with employer-employee matches corresponding to the PCS variable

having a first digit equal to 3, 4, 5, or 6.

Results. In Section 2, I argued that with a power law production function, the
distribution of span of control down one level of hierarchical organization should be
close to a Pareto distribution with coefficient 2, whatever the underlying distribution
of skills (provided it is bounded away from zero for high skills). Figure 18 plots the
corresponding distribution of span of control that is obtained empirically, using the
dataset described above. The total number of employees in a given layer, as defined
by the first digit of the PCS variable, is divided by the total number of employees
occupying the layer above them (again, this is seen through the PCS variable). This
measure is calculated at the establishment level. These ratios are referred to on the

)

x-axis as “team size.” Their distribution is shown on a log-log plot, with rank on the
y axis (plotting the survivor function would give a similar picture). As can be seen in
Figure 18, the data seems to point to a Pareto distribution for large spans of control in

the upper tail, and a coefficient close to that predicted by the theory, 1.96.
[INSERT FIGURE 18 ABOUT HERE]

Figures 19 and 20 add further support to the theory developed in this paper. They
are constructed using a similar methodology as Figure 18. Figure 19 shows that the
distribution of firm size is indeed more fat tailed than that of teams, establishments, or
the number of plants per firm. Figure 20 demonstrates that this pattern is not specific
to a particular sector. Indeed, the sector “wholesale trade, accommodation, food” shows
very similar patterns as the overall economy, and so do other two-digit NAICS industries
in unreported graphs. Finally, Figure 21 shows that the distribution of the number
of establishments per firm is strikingly close to what the theory predicts. As shown
in Section 2, the distribution is expected to get closer to a Pareto distribution as one
approaches the highest levels of hierarchical organization, as the uniform approximation
for the distribution of skills becomes a very good approximation for the top (given
that the corresponding cutoffs z; are very close to 1). This is exactly what can be
seen on Figure 21 — compared, for example, to Figure 18 — where Pareto is a good
approximation for most of the distribution and not just for the upper tail. Moreover,
note also how the Pareto is shifted for very high levels of span of control (that is,
concave, and bounded), just as the theory predicts for non-zero heterogeneity in skills.
The coefficient estimated for this distribution (1.33) further seems to suggest that there
are two levels of hierarchical organization between the CEO of the firm and each one

of the establishment managers.

[INSERT FIGURE 19 ABOUT HERE]
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[INSERT FIGURE 20 ABOUT HERE]

[INSERT FIGURE 21 ABOUT HERE]

5 Labor income distribution

Section 2 offers a theory of the equilibrium span of control distribution, without any
reference to supporting skill prices. However, it is also a theory of the division of surplus
between agents with different skills, across and within firms.

In this section, I focus attention on the top labor income distribution, for two
reasons. First, the distribution of labor incomes is least sensitive to distributional
assumptions in the tail, where it is dominated by a functional form assumption on the
production function — which is the focus of this paper. Second, the increase in top
income inequality, particularly at the very top (top 1%, top 0.1%), has received much
attention since the work of Piketty and Saez (2003). However, the reader should keep
in mind that the model also implies a theory of the whole labor income distribution, at
different levels of the hierarchy of the firm.

Section 5.1 derives the top labor income distribution, which displays Pareto-like
behavior under some conditions. These results are very similar to those obtained in
Tervié (2008) and Gabaix and Landier (2008), who study the one-to-one matching of
CEOs to a distribution of firms whose sizes exogenously follow Zipf’s law. Section 5.2
discusses some advantages of endogenizing Zipf’s law for firms, as opposed to taking

that distribution as given.

5.1 Top labor income distribution

The optimal allocations derived in Section 2 result from managers’ optimal choices. For
example, with two-layer firms, as in Section 2.1, and the notations on Figure 1, the
wage of managers with skill w(y) is given by the solution to managers’ optimal choice

of workers’ ability x:

_ y —w(z)
w(y) = max m7

where the wage of a worker with ability x is w(x). These skill prices allow us to sustain
the match between the best managers and the best workers, which was derived in

Section 2. The envelope condition writes:

; 1
w'(y) = m =n(y).

This assignment equation has a straightforward interpretation. The difference in

wages dw(y) between two managers with skill y and y + dy is given by the difference
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in their respective talents dy, multiplied by the size of the firm on which they exert
that differential talent n(y) (that is also equal to the number of problems to which this
differential solving ability can be applied). This explains why dw(y) = n(y)dy.

More generally, with L layers, as in Section 2.5, and the notations on Figure 2, the
envelope condition for a manager with skill xy, is as follows:

, 1
) = R (e "

Proposition 4 simply integrates this classic assignment equation (Sattinger (1975)).

Proposition 4. (Top labor income distribution) The incomes at the top are given by

the integral of the span of control n(y):

wmmzwum+/nmw@,

zr

where the distribution of span of control of CEOs n(.) is given by a truncated Pareto
distribution in the upper tail, as shown in Proposition 3. As in Gabaix and Landier

(2008), the top income distribution thus displays Pareto-like behavior.

Matching CEOs to preexisting firms: Comparing assignment equations.
The expression in Proposition 4 corresponds exactly to the formula obtained in earlier
work by Tervié (2008) and Gabaix and Landier (2008). These two papers consider a
one-to-one assignment problem in which there are firms of different sizes on one side of
the market (given by Zipf’s law), and managers with different skills on the other side
of the market. Assuming some multiplicative complementarity between skill and size
(potentially to some power), and denoting the rank of firms and CEOs by n, the size
of firms by S(n) and the talent of CEOs by T'(n), they obtain the following assignment
equation (equation (5), p. 57):

w'(n) = CS(n)"T'(n),

with C a constant. In the Garicano (2000) model above, one can similarly relabel
agents’ talents by y(n), with n the rank of the manager in terms of ability; rewriting

the equation above allows us to recognize the usual assignment equation:

WO oy = DD ) D)

=S(n)

T'(n)

Note however that, compared to Gabaix and Landier (2008), the present model
provides a microfoundation for why v = 1 and why the talent of CEOs and the sizes of

their firms enter multiplicatively.
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Relation to the economics of superstars. A key difference between this model
and earlier literature that matches CEOs to preexisting firms is that the model also
explains why the size of the stakes is so spread out across managers. Endogenizing
Zipf’s law thus also allows us to understand how “economics of superstars” (Rosen
(1981)) arise. Even without any increasing returns in production or consumption, mar-
ket forces lead the most skilled to have a high span of control, simply because they hire
people who can almost work independently. This, in turn, allows them to specialize
in tasks they have expertise for. The distribution of the size of these stakes is given
by Zipf’s law when the number of layers of management becomes large for the reason

explained in detail in Section 2.
Example: Uniform-polynomial density. Consider the following density func-
tion:

Aq if xE[l—Al—Az,l—AQ]
f(x) :{ .
Ag(p—l— 1)(1 — ZE)p if ze [1 — AQ, 1]

I assume two-layer firms. One can easily show that the inverse of the matching

function is then such that:

Lo ) =022 2220yt

Thus, this gives span of control n(y) in closed form, which is given by a truncated
Pareto distribution with coefficient 2. The distribution of wages w(y) is the integral of

this span of control distribution:

Y du
wly) = w(z) + . .
22 _ 24 27204 \ptl
h (1 2’2) + hA (1 u)

In fact, the wage function can also be expressed in closed form, using hypergeo-
metric functions. Figures 12 and 13 show that the integration of this truncated Pareto
distribution leads to a distribution for CEO income that is quite close to a Pareto

distribution in the upper tail, when p > 0.
[INSERT FIGURE 12 ABOUT HERE]
[INSERT FIGURE 13 ABOUT HERE]

In contrast, when p = 0, one gets a very compressed distribution for wages, as man-

agers compete too hard for the best workers. Section 5.2 shows that these comparative
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statics with respect to p lead to a potential disconnect between the largest firms and

the largest incomes, and help explain the noise in the size-pay relationship in the data.

5.2 Endogenous Zipf’s law versus reduced-form approach

Section 5.1 demonstrated that the Garicano (2000) model leads to the same assignment
equation as the reduced form approach used by Tervi6 (2008) and Gabaix and Landier
(2008) . What are the differences between the full structural approach and a more

reduced form for the study of top labor incomes?

Integrating truncated Pareto distributions. One slight difference with regard
to Gabaix and Landier (2008) is that they do not consider truncated Zipf’s laws, but
rather full Zipf’s laws, and thus the wage of CEOs results from integrating a truncated
Pareto distribution instead of an exact one.

This in fact, turns out to lead to quite different comparative statics, as the change
in average firm size (for example, through a change in h) leads to both a change in the
scale of the top labor income distribution and a change in the tail index of that dis-
tribution. This is potentially interesting, because empirically, the tail index of the top
labor income distribution has also evolved in the direction of more inequality (lowering

of the tail index).

Largest firms and largest incomes. Tervi6 (2008) obtains a strong result. The
rank of CEO’s wage and CEQ’s span of control should be perfectly correlated: The
largest firm should pay its CEO the most, etc. However, the data speak more ambigu-
ously to the relationship between size and pay. This relationship is positive, but also
quite noisy, as seen in the Execucomp data in Figure 16. Some firms are very large, but
their CEOs’ incomes are not correspondingly large; in contrast, some CEQOs have very

large incomes, but their firms are not particularly large.
[INSERT FIGURE 16 ABOUT HERE]

Endogenizing Zipf’s law for firm size allows us to offer a possible explanation for this.
Imagine that there are multiple sectors in the economy, and that workers cannot move
across sectors (that is, the CEO of a manufacturing company cannot become a CEO
for a tech company). Assume that different sectors have different parameters, h and
A. Then, as shown in Figures 14 and 15, this would lead to an ambiguous relationship

between size and pay.
[INSERT FIGURE 14 ABOUT HERE]

[INSERT FIGURE 15 ABOUT HERE]
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Wages in other layers of the firm. Another advantage of endogenizing the size
and organization of firms is that one can look at the wages of workers in all layers
of the firm. With L layers, one can show that the wage function is a solution of the
following system of ordinary differential equations (together with pasting conditions
at the cutoffs, expressing the fact that the wage function needs to be continuous by

arbitrage):

ooy g w(m(z))
w'(z) = hl—i

Va €]z1, z0[\ {22, ...; 201} m~(x)

: 1 :
with w ([zr, 2z041]) = Y ASIC continuous.

Managers compete for workers (especially the best, who allow the greatest increase
in span of control), so that increased wages for CEOs usually occur together with
increased wages for all workers. One advantage of a general equilibrium model with

endogenous firm size is that it allows us to study these “trickle-down” effects.

6 Conclusion

This paper has shown using a knowledge-based hierarchies model & la Garicano (2000),
that Pareto distributions can arise from production functions rather than solely from
a random growth proportional process or assumed Pareto heterogeneity in primitives.
This model offers a new microfounded justification for the existence of Zipf’s law for
firm size, and provides a new intuition for why many economic variables tend to follow
Pareto distributions.

However stylized the model may be, I believe that it captures a powerful ampli-
fication mechanism that goes beyond production based on knowledge. Managers hire
people to do most of the work of an organization and focus their own efforts on the
most difficult tasks, for which they have expertise. This endogenously leads to Zipf’s
law for firm size when the number of layers of hierarchical organization becomes large.

In terms of labor income distribution, the model really concerns CEOs’ ability to
delegate more tasks to senior management when these employees are relatively more
competent. For Robinson Crusoe living on an island, being able to solve 99.9% of
99.99% of problems would not make much of a difference. For a manager, hiring the
latter rather than the former would allow him to grow his firm by a factor of 10, and to
expand his particular knowledge accordingly. This intuition — that Pareto distributions
may simply result from a “power law change of variable close to the origin” — is (to the
best of my knowledge) new to economics. It is also simple, and may be at the heart of

many Pareto distributions that are observed empirically.
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A Main Proofs

A.1 Proof of Proposition 1

Proof. Proposition (1a) results from the expression for span of control n(y):

1 1

n(y):m = PN>n|=P mZn .
The maximum span of control is:
1
n=n(l)= m
The minimum span of control is:
1 1
nzn(ZQ):m:h—A.

With f a uniform density, we have:

1— 2 1— 2
m(@) =h(l—2) = m(z)—m) =1—m(z) = h' 2""”) ! ;2>
Evaluated at z1, with m(z1) = 29, this gives:
1 2 1 7 n?
RE(1 = 2)2 +2h(1 — 20) —W2A?’ =0 = S +-—-—=0 = —=-—"_
(1 —22)" + 2Rh(1 — 22) 72 + n n2 2 1-(n/n)?
This also shows that:
VI+hZAZ — 1
l—zg= 02—
h
The highest span of control 7 is:
1 1

n = =

h(1—2) 1+ h2A2-1

Since y is distributed uniformly over [1 — A, 1]:

P ) =Py 2 m (1 )2

nh
1 1
()
1 [h 1 &
= |- — (1 —29)?
1—22[2n2h2 X 22)}

G
2= e (7).

This proves Proposition (1a). Proposition (1b) looks at the no-heterogeneity limit A — 0.
When A approaches 0, we have that:

2
~ AT

n

This shows simultaneously that when A goes to 0, @i goes to infinity and 7/n goes to infinity,
and gives the result on the untruncated Pareto with a tail index equal to 2. Note that n(y)
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also has a closed form expression as a function of y for f a uniform density, as:

m/(x) — h(l _ m) = m(ZQ) — m(x) =1- m(x) = h(l _2.13) _ h(l —22’2)
ey — S 2 n(y) = .
= 1 (¥) ¢“ Prpi-v = @)'ﬁm¢u_w+hﬂ—@y'
2

Finally, a more rigorous statement of proposition (1b) follows from writing everything in
terms of the scaled size distribution U, with U = N/n, so that Proposition (1a) writes:

1 1 1
PU>u=————|—5—=
U zul= 7 (u2 a2)’
which proves convergence in distribution:
Yu > 1, PU > u] a0 —-

O

Note that one can even prove a stronger result: There is convergence in law according to
norm L' (for example) to a full Pareto distribution, as, denoting by Fa(.) the c.d.f. of U when
heterogeneity is A and F the c.d.f. of the Pareto distribution with scale 1 and tail index 2:

/|FA(U) — F(u)|du —=a—0 0.

Indeed, we have that:

with:
/f e /1u [(1 = F(u) = (1 = Fa(u))] du
L
- ()
* L1
/f (Fa(u) — F(u)) du = 4 1 ig_l =
and: 7

After some algebra:
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A.2 Proof of Proposition 2

Proof. The first part of proposition (2a) is a local result. It also results from:

1 1

)= ey < PV = gy 2y

The maximum span of control is given by:

_ _ 1 1
nin(l)ih(l—zg) = 2zp=1 7

The probability that span of control is higher than n for n € [n, 7] is given by:

]P’[N>n]:]P’{y>m<1—nlh)‘y>zg]

s rr e P = F (5]
_1-Fm (-]

1-— F(ZQ)
PIN > n] = %(22) /1W h(1 — ) f (u)du

As a first step, let us prove that:

PNV 2 ] —non 1
TG —m) (L 1y
2 1—F(2;2) n2 ﬁQ
Indeed:
=% Wl b1
/1"1h h(l — u)du = 55 T 5
IR
T 2h \n2 n2
1_’Tlhm du="01 1 1
/1—,#, (—u)u—i( —zz)(n2 ﬁ2>
Thus:
nflz)(l—2) (1 1 1 /1‘;
e i -vommll el | s (1 — _ d
‘P[N_n} 2 1-F(z) \n? n2)|~ 1-F(z)/i_o (L —u)[f(u) = f(22)|du

For n close enough to 7, |f(u) — f (22)| is arbitrarily small; thus for any epsilon, there exists a
neighborhood of 7 such that for n in this neighborhood:

! o Aflm)1—m) (1 1

Proposition (2b) results from the first. Integrating equation (2) between z; and zs:

) 1
1= Fa)=h [ (—a)f@)de~anah [ (1=a)f(@)de.
For A — 0, we have:

1-— F(ZQ) ~MA—0 f(l)(l - Zg).
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Thus:

n__ 1 1)
2 2h(1—z) 70 2n2 [T
[ 4o
1-A
Using that:
1 f(z2)(1 — 22)
2 = d 1
W= oig, an = () A
we have:
1)A2 n?
/ 21 — z) f(x)dx
1-A
The distribution of scaled span of control is given by:
1)A? 1
IF)[U > U] ~A-0 I ) —-

u

/ 2(1 — z) f(x)dx
1-A

Finally, using the change of variable x =1 — A + Ay, one gets:
1 1
BIU > u] ~aso — f) 5
[ 20-nra-asagay
0

Note that Proposition (1b) is a special case with f(xz) =1/A for z € [1 — A, 1], since then:
| 20-wra-asan
0

A.3 Proof of Proposition 3

Proof. The span of control distribution with L layers results from:

1
") T w)

v =pfuzm (1 L)~ iom (i 1))

One thus needs to find a first-order approximation to 1 —m(.) for y € [z1, z1,+1]. Given the
recursive nature of the ordinary differential equations, one needs to integrate from the bottom
to the top of the hierarchy. Managers of type 1 of type x2 are matched with workers of type

x1 according to:

> 0= [y >

f((ZZQ)dLL'Q = h(l — $1)f($1)d$1 = 1—x5~ g(l — 1’1)2.

Let us prove more generally by recursion that, for some sequence {Al};;o;:

1 — Xy ~ AL (1 —xL_l)%
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h
The previous calculations show that this proposition is true for L = 2 with A = 5 At a

second iteration, one can write:

1—=x h3/2
f(xa)daes = he—"2f(zro)dzs = f(xs)des = —=/T— zaf(2x2)dzs
1—mz V2
= 1— a3~ §h3/2(1—(£2)3/2

V2

Thus the proposition is true for L = 3 and with A = ?h?’/?' By iteration, we want to show

more generally that:

L L-1

1—13LNAL (l—l‘L_1)ﬁ where AL+1:hmALL

Assume that this is true for L; let us show that for L + 1, it is the case that:

L+1

l—2ppi~App (I—2p) ©

with the above defined A ;.
We have:

1—371;

fepy1)dzrir =h flzr)dar.

1—xp 4

The hypothesis is:
_L_ _L-1 L—1
1—1‘LNAL(1793L_1)L—1 = lfl‘L_lNAL L (17IL)T.

From the previous differential equation:

1—2
f@rs)depyy = h—p=————f(a1)d,

Ap P (l—z) T

Thus:

L Lt1

L1
I—Z'L_;,_lf\/hALL m(l—xL) L.

which proves the hypothesis for L 4 1 layers.
This allows us to conclude, as the span of control distribution is given by:

P 2l = 5 (3 -~ )

A\ KL 5 AL o
AL (1 1
v 2l = g (- o)

which shows that the distribution of span of control is a truncated Pareto distribution of
coefficient 1 + ﬁ O

A.4 Polynomial Functions: 2 layers

The proof goes as that of Proposition 1. Since y is distributed according to the polynomial
(1—y)*
Ap+1

vz e fyzm(i- 1))

function with 1 — F(y) =
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sl o)
- Mot ((h)<>>

_ptl 1 1 +2 +2
FIN 2] = p+2 (hA)r+! <np+2 R = 2) )

From y = 1, the highest span of control 7 is such that:

1 1
n=—" p+201 P2
"= h(1 — 23) = M=) = et
Thus, in the end:
_p+l 1 1 1
PIN 2 n] = p+2 (hA)rt1 (np+2 Copet2 )

The endogenous cutoff 2o is solution to m(1 — A) = 25 so that:

1p+2

1— 2)P12
( 22) +hp+1

(1—z) T —ArF2 =0

When A — 0, 1 — 2o — 0. Therefore (1 — 22)?2 < (1 — 29)PTL, thus 1 — 25 =~ ASH
Therefore:

11
h(1=2) — pART

n =

The maximum span of control thus is greater when p is minimum, which corresponds to
p =0 and a density bounded away from zero near 1.
The reasoning with 2 layers can also again be obtained through:

f(z2)dze = h(1 — z1) f(x1)dzy = (1 — xq)Ptt N (1—2p)Pt2

p+1 p+2
1 1
2\ 71 9\ "t
= 1-apn~ <hp+) (I—z)5 = l—a~ (thr> (1 — z0) 55,
p+1 p+1

B Other Mathematical Derivations

B.1 Full and truncated Pareto distributions

Pareto distributions. By definition, a (untruncated) Pareto distribution for firm size is such
that when the measure of firms with a number of employees higher than a certain number
is plotted against that number on a log-log scale, the relationship is linear. In fact, this is
how Pareto discovered the regularity that now bears his name.'® Analytically, if F(n) =
1 — Fn(n) = P(N > n) is the tail distribution, or complementary cumulative distribution
function (c.c.d.f.), then a Pareto distribution with a coefficient (or tail index) a and a minimum
size n has c.c.d.f.:

log (Fi (n)) = alog(n) — alog(n),

1071 the second volume of his Cours d’Economie Politique (p-305), Pareto plots the number of people
earning more than a certain income against that income on a log-log scale, for Great Britain and Ireland
in 1893-94. For a historical account, see Persky (1992): “Mitchell et al. (1921) in discussing Pareto’s
law, suggested that double logarithmic paper was commonly used by engineers. Pareto trained as an
engineer and for several years practiced that profession. Perhaps this background influenced his choice
of graph paper.”
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and thus log (P(N > n)) is a linear function of log(n). This corresponds to the following c.c.d.f.
and p.d.f.:

1 an®

1—Fn(n)=n" fn(n) = na—:_l

na
Truncated Pareto distributions. In contrast, a truncated Pareto distribution with tail

index « and location parameters n and 7 has a density function equal to that of the Pareto

distribution for n < 7, and identically equal to zero for n > 7, appropriately renormalized:

an®

fumy={ T (afn) net
0 if n ¢ [n,n.

if n € [n,n]

The survivor function of the truncated Pareto distribution is given as follows:

n

msz:1_mmo=AUMNmN:1_a(1—})

/)y \no ~ ne

Thus the distribution in Proposition (1a) is a truncated Pareto distribution with a tail index
equal to 2.

A Pareto plot is a representation of log (1 — Fiy(n)) on the y axis as a function of log(n)
on the x axis. The slope of this Pareto plot is given by:

dlog(1—Fn(n))  n 1 « 1 _ . 1
dlogn - dn 1 1 potl ™" n®

_—— 1— — l_fealogn
no no ne no

B.2 Self-Employment

Claim 4. (No self-employment) If h or A are low enough, then there is no self-employment in
equilibrium.

This result is actually quite intuitive. When h is low enough, complementarities are suf-
ficiently strong. Managers’ time is very productive, as they can communicate the answers to
many problems. Self-employment thus is not an optimum of the planner’s problem.

When A is low enough, then workers can solve all of the problems almost by themselves,
so that workers need a shrinking fraction of managers to solve their problems. This fraction
of managers goes to 0 as O(A?). In contrast, workers’ problems get solved with an increased
probability, which is a O(A). Thus, for low enough A, the gains of working in firms outweigh
the costs.

In the case of a uniform density function, the self-employment and no self-employment
regions can actually be calculated in closed form, and are represented in Figure 3.

In the case in which h or A are high enough, some agents remain self-employed. Self-
employed agents have intermediary skills in equilibrium, because the gains from having a worker
of skill x and a manager of skill y work together are given by what the two produce together
minus what they would have produced by themselves. That is:

Y x 1 1—-y
hﬂx)_y_hﬂx):h(1_1x>_y
This is clearly decreasing when the skills of workers increase, so that it is better to match
managers with the relatively less productive workers.

The notations for cutoffs are introduced in Figure 4. Now the matching function m(.) is
defined on [1 — A, z3*]. Another important difference is that in that case, allocations are not
solved independently from agents’ choices.

In the decentralized problem, the two differential equations for m(.) and w(.) do not change
compared to the case of no self-employment. However, I now have four equations, not three,
that determine two initial conditions as well as two cutoffs. They are given by matching the
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Figure 3: SELF-EMPLOYMENT IN THE UNIFORM CASE
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Note that for any value of helping time h, even one very close to production time (h = 100%), there is no

self-employment in equilibrium if heterogeneity A is sufficiently low.

Figure 4: WITH SELF-EMPLOYMENT IN EQUILIBRIUM, ONE LAYER.
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less and more skilled workers and team managers, as previously:
m(l—A) =23 m(z3") = 1.

In addition, I now have two indifference equations between being a worker and self-employed
with skills z5*, and being self-employed and a team manager with skills z3:

w(z") =2z" 2z = R(%).

In the case of a uniform distribution of skills, the market clearing equation for skills valid
on (1 — A, 23*), together with the terminal equation m(z3*) = 1, then gives:

m'(z)f (m(z)) =h(1-2)fx) = m'(z)="h(l-2)
= m(z) = % (—h:cz F2ha + b (25) — 2h2t 4 2) .

Inverting this expression, the inverse assignment function is therefore given by:

_h- V/2h + h% — 2hy — 2h%25% + h2(25%)2
; :

m~'(y)
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In the case in which self-employment arises in equilibrium, one must solve for the equilibrium
wage function even to determine the spans of control of each team manager. One also uses
wo(23*) = z3* to integrate:

(1 —2)w' (x) + 2w(z) = zm()

1
= w(r) = 5 <2x + ha?® — 2hxz3* + h(z’z"*)2)

Then using the two remaining m(1 — A) = 23 and z5 = R(z3), and simple but lengthy
algebra, one can express the cutoffs for occupational choice as a function of the heterogeneity
parameter A and the helping time h:

—2h + h2A + \/h? (3 + h2AZ — 2h(1 + A))
_ =
oo —h+h*+/h2(3+h2A%2 - 2h(1 + A))
2 h2

z5 =

Replacing the cutoffs, one gets the assignment function as a function as these parameters
as well:

_ 4h = 2R A+ hP (=14 A%) —2/h? 3+ h2A% — 2h(1 + A)) + 2h3x — h3a?
- 2h2 '

m(x

The condition for there to be self-employment in equilibrium is that:

—h+h%+ \/h2 (3+ h2A2 — 2h(1 + A))
h2
_ _ —2h 4+ h2A + /B2 (3 + h2A% — 2h(1 + A))
h2
& 3—hA—h>2\3+h2A%2-2h(1+A)
e (1428 -3A%R2+2(1+A)h—3>0
N 1+ A —2v1+2A - 2A2
—1—2A +3A2

*k *
29 < 2y &

& h since h > 0.

When the primitives of the model are such that this is verified, we are in the case in which
a nontrivial measure of agents are self-employed. When this is not the case, then all agents
either become managers or workers.

B.3 Employee Function

In keeping with the literature on Garicano (2000) type models, I have expressed all endoge-
nous variables in terms of the manager function in the main text. However, both analytically
and computationally, it is actually easier to work with the employee function, which matches
managers to workers, and is related to the manager function through m~! = e. In the case of
two-layer firms as in Section 2.1, and a uniform distribution for skills, the employee function
such that e(y) = x is given by:

h(l —z)f(x)de = fly)dy = h(l—e(y)e(y) =1
N h[_(l—e(y))Qrzl_y I R () S L P

2 2 2

The span of control N(z2) of managers with skills x5 is given by:

) = e = o )
y —h(1z)_h(le(y))_h\/(l_z2)2+2(1_y).
h
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Figure 5: SPAN OF CONTROL DISTRIBUTION, PARETO PLOT, f = UNIFORM,

70%
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Figure 7: SPAN OF CONTROL DISTRIBUTION, PARETO PLOT, f = INCREASING,

70%
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00

Joxang SO

-30f--------1

Y] E EEEE R

LogqgFirm Size

Figure 8: MATCHING FUNCTION, f = INCREASING, h = 70%
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Figure 11: SPAN oF CONTROL DISTRIBUTION, PARETO PLOT, h = 70%
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Table 1: UNIFORM SKILL DISTRIBUTIONS: CUTOFFS FOR DIFFERENT VALUES OF L,
WITH A = 100% AND h = 70%

] z3 Z4 Z5 Zg Z7

0.684778

0.637648 0.941694

0.631346 0.933779 0.993365

0.630850 0.933155 0.993344 0.999630

0.630828 0.933128 0.993344 0.999614 0.999987
0.630828 0.933127 0.993344 0.999614 0.999986 1.000000
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Figure 12: LABOR INCOME DISTRIBUTION, PARETO PLOT, TWO PART DISTRI-

BUTION, h = 3%
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Figure 14: ROBERTS’ LAw, PARETO PLOT, TwO PART DISTRIBUTION, h = 3%
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Figure 15: ROBERTS’ LAwW, PARETO PLOT, TWO PART DISTRIBUTION, A
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D Evidence

Figure 16: ROBERTS’ LAW IN THE DATA
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Figure 17: US FIRM AND ESTABLISHMENT SIZES
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Figure 18: SPAN OF CONTROL DOWN ONE LEVEL OF HIERARCHICAL ORGANIZATION
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Figure 19: ALL SECTORS (ADMINISTRATIVE DATA)
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Figure 20: WHOLESALE TRADE, ACCOMMODATION, FOOD (ADMINISTRATIVE DATA)
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Note: Source: French matched employer-employee data, year 2007.

Figure 21: PLANTS PER FIRM DISTRIBUTION (ADMINISTRATIVE DATA)
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